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Abstract 

To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky introduce a 
system of differential equations, called the GKZ hypergeometric system. Its solutions are GKZ 
hypergeometric functions. For the nonconfluent case (i.e. regular singularity case), they prove the 
system is holonomic, and is irreducible if the so-called non-resonance condition holds, and they 
calculate the dimension of the space of hypergeometric functions at a generic point. Adolphson 
studies the general case (with possibly irregular singularity, i.e. the confluent case). He proves the 
general GKZ hypergeometric system is still holonomic, calculates the dimension of the space of 
hypergeometric functions at a generic point, and conjectures that the system is irreducible under 
the non-resonance condition. We study these problems in the ^-adic context. We introduce the 
£-adic GKZ hypergeometric complex, an object in the derived category of £-adic sheaves on the 
affinc space over a finite field. Traces of Frobenius on stalks of this complex at rational points 
of the affine space define the hypergeometric functions over the finite field introduced by Gelfand 
and Graev. We prove that the i?-adic GKZ hypergeometric complex is perverse, calculate the 
dimension of the stalk of this perverse sheaf at the generic point, and prove it is irreducible under 
the non-resonance condition. 

Key words: GKZ hypergeometric system, ^-adic GKZ hypergeometric sheaf, Deligne-Fourier 
transformation. 
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Introduction 

/ 



Let 

A = 



Wu ■■■ W!N 



\ W n i ■ ■ ■ W nN 

be an (n x iV)-matrix with integer entries of rank n. Denote the column vectors of A by Wi , . . . , wjv G 
Z". It defines an action of the n-dimensional torus T™ = (C*)" on C w : 

TP xC N ^ C N , ((*!, . . . , t n ), {x x , . . . , x N j) -> (i? 11 • • • C' 1 ^, • • • > ti 1N ■ ■ ■ t^ N x N ). 



*The main part of this paper is worked out during my visit of IHES. I would like to thank IHES for its hospitality. I 
am especially grateful to O. Gabber for pointing out many subtle points which I ignored. My research is supported by 
the NSFC (10525107). 
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^WijXj^— +7t/ = (i = l,...,ra) 



Let (71,..., 7„) S C" be a fixed parameter. In [9 j5 Gelfand, Kapranov and Zelevinsky define the 
A-hypergeometric system to be the system of differential equations 

N 

II): • *r 

- 1 ® x j 

n(^)°'/=n(^-)"°'/. 

where for the second system of equations, (01, . ..,ajy) S goes over the family of integral linear 
relations 

AT 

a ^ = 

among wj., . . . , wjv- Holomorphic solutions of the v4- hypergeometric systems are called A-hypergeometric 
functions. We often call the A-hypergeometric system as the GKZ hypergeometric system. Set 

g(t u ...,t n ) = /(t»» ■ • • C 1 *!, . . . , ' ■ • C""^). 

It follows from the first system of equations in the GKZ hypergeometric system that 

dg 

that is, / is homogeneous of degree (—71, . . . , — 7«) with respect to the torus action. We say A satisfies 
the nonconfluence condition if there exist integers c±, . . . , c n gZ such that 

n 

^ Ci ^y=l (j = l,...,N). 

i=l 

Theorem 0.1 (Gelfand-Kapranov-Zelevinsky, [SJ I10j). Suppose that A satisfies the nonconfluence 
condition, that wi, . . . , Wjy generate Z™ 7 and that the ring Cft™ 11 • • • t™ nl , . . . , t™ 1N ■ ■ ■ t™ nN ] is normal. 
Let A be the convex hull of {0, Wi, . . . , wjv}. 

(i) The GKZ hypergeometric system is holonomic. 

(ii) The dimension of the space of GKZ hypergeometric functions at a generic point is n!vol(A). 
(Hi) //(71, . . . ,7n) satisfies the so-called non-resonance condition, then the sheaf of GKZ hyperge- 
ometric functions defines an irreducible local system on a Zariski dense open subset of <C N . 

We refer the reader to §2.9] for the definition of the non-resonance condition. 

A theorem of Hotta ([TTJ §6]) says that if A satisfies nonconfluence condition, then the GKZ 
hypergeometric system is regular holonomic. In pQ, Adolphson studies the GKZ-system without the 
nonconfluence condition, and he proves the following. 

Theorem 0.2 (Adolphson, pQ). 

(i) The GKZ hypergeometric system is holonomic. 

(ii) Suppose (71, . . . ,7„) satisfies the so-called semi-nonresonance condition. Then the dimension 
of the space of GKZ hypergeometric functions at a generic point is n!vol(A)/[Z" : M'], where A is 
the convex hull of {0, wi, . . . , w„}, and M' is the subgroup of 1 n generated by {wi, . . . , wj\r}. 
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We refer the reader to [TJ pg. 284] for the definition of the semi-nonresonance condition. 

Adolphson conjectures that even without the nonconfluence condition, the sheaf of GKZ hypergeo- 
metric functions defines an irreducible local system on a Zariski dense open subset of if (71 , . . . , j n ) 
satisfies the non-resonance condition. 

In this paper, we introduce the €-adic GKZ hypergeometric sheaf, and we prove theorems of 
Gelfand-Kapranov-Zelevinsky and Adolphson, and verify Adolphson's conjecture in this context. 

As explained in [T| §2], the formal integral 

A.', ''.v.-: J n ) /' ^...^e^^-C^^....^ 

Jc t\ t n 

is a solution of the GKZ-system, where C is a cycle in T" . Let ¥ q be a finite field with q elements of 
characteristic p, let t be a prime number distinct from p, let xi, ■ ■ ■ ; Xn '■ F* ~> Qe be multiplicative 
characters, and let ift : ¥ q — > be a nontrivial additive character. In [7] and jS], Gelfand and Graev 
define the hypergeometric function over the finite field to be 

( N 

We call this sum the GKZ hypergeometric sum. It is an analogue over finite field of the above formal 
integral. Note that Hyp^,(xi, . . . , Xjsr; Xij • • • , Xn) is homogeneous with respect to the torus action in 
the sense that 

Hyp^ 11 • ' • C^l, • • • , C" ' • ' Wx N ; X i, ■ ■ ■ , Xn) 
= Xi X {h) ■ ■ ■ X,T 1 (*n)Hyp^(a; 1 , . . . ,x N ;xi, ■ ■ ■ , Xn) 

for any t\,...,t n G F* and x\, . . . ,xn £ F g . Hypergeometric sums over finite fields in [T2l (8.2.7)] are 
special cases of the GKZ hypergeometric sum. Indeed, let A be the ((n + m — 1) X (n + m))-matrix 

A = (In+m-l 

where J n + m _i is the identity matrix of size n + m — 1, and w n + m is the transpose of the vector 

( ^-1, -1 ,1, i). 

n— 1 

Then the GKZ hypergeometric sum associated to this matrix evaluated at 



is 



Hypw,(l, • • • , 1, -1, • • • > -l,z;Xl) . . . , Xn+m-l) 



n-1 



Xl(*l) ' • ' Xn+m-l (tn+m-l)i ) ( *1 + ' " ' + *n-l — *n — ' ' ' — ^ri+rn-1 



ti,...,t„ 



• • ■ ^n+m— 1 
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The last expression is exactly Katz's hypergeometric sum Hyp(-0, xi, ■ ■ ■ , Xn-i, 1; Xn *j ■ • ■ i Xn+m~i)i x )- 
So Katz's hypergeometric sum can be expressed in terms of the GKZ hypergeometric sum. Conversely, 
using the homogeneity property of the GKZ hypergeometric sum with respect to the torus action, 
one can also express the GKZ hypergeometric sum associated to the above matrix A evaluated at 
any arbitrary point (xi, . . . , x n+m ) in terms of the (one- variable) Katz's hypergeometric sum. An 
interesting special case of Katz's hypergeometric sum is the Kloosterman sum 

Kl i ,( X l,...,XnA)(x)= V Xl(tl)---Xn(tn)lp(tl + --- + t n + - — ) . 

It is the GKZ hypergeometric sum Hyp^,(xi, . . . , x n +i', xi, • • • 5 Xn) associated to the (nx (n+l))-matrix 




evaluated at (xi, . . . , x n +\) = (1, . . . , 1, x). Using its homogeneity property, the GKZ hypergeometric 
sum associated to this matrix A can be expressed in terms of the Kloosterman sum. 

Denote by (resp. T n ) the iV-dimensional afhne space (resp. n-dimensional torus) over the hnite 
field ¥ q . For each i, let K, Xi be the Kummer sheaf on T 1 associated to the multiplicative character Xii 
and let be the Artin-Schreier sheaf on A 1 associated to the nontrivial additive character ip. (Confer 
[3l Sommes trig. 1.7] for the definition and properties of the Kummer sheaf and the Artin-Schreier 
sheaf). Let 

7Ti : T n x A^ — > T™, tt 2 : T™ x A N -> A N 
be the projections, and let F be the morphism 

N 

F : T n x A N -> A 1 , {h, . . . , t n , x lt . . . , x N ) H- ^ Xjtf ■ ■ ■ C" J • 

j'=i 

We define the t-adic GKZ hypergeometric sheaf to be the object in the derived category D C {A , Q^) 
of Q^-sheaves on given by 

Hy P ^(xi, • • • ,Xn) = ^(tt?^ /C X J ® F*£*) [n + A]. 

By the Grothendieck trace formula ([3J Rapport 3.2]), for any x — {x\, . . . ,x N ) £ A N (F ? ), we have 

Hyp^(xi,.. .,x N ;xu ■ • • ,X«) = (-l)" +W TrfFrob x , (Hyp^(xi, ■ • ■ ,X n ))A 
where Frob^ is the geometric Frobenius at x. The main result of this papers are the following theorems. 

Theorem 0.3. 

(i) Hyp^(xi, • ■ • , Xn) is a perverse sheaf on A N . 

(ii) Suppose Wj., . . . , wjy generate Z N , and suppose (xi, • • • >Xn) satisfies the non-resonance con- 
dition. Then Hyp^(xi, • ■ • , Xn) is an irreducible pure perverse sheaf of weight n + N . 
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The non-resonance condition is denned as follows. Let E be the convex polyhedral cone in R™ 
generated by wi, . . . , wjv. For any proper face r of E, let Tr be the kernel of the homomorphism 

T" -> T d - , (t x ,...,t n )^ (t™ 13 ■ ■ • ) Wjer , 

where dr = ^{jl^j S T}. We say (%i, . . . ,Xn) satisfies the non-resonance condition if for any proper 
face r of E, the restriction of /C Xl IEI • • -H/C Xn to the identity component of Tr (E>f, F is nontrivial, where 
F is an algebraic closure of ¥ q . Since any proper face of E is contained in a codimension one face, to 
check the non-resonance condition, it suffices to work with those proper faces r of E of codimension 
one. 

Theorem 0.3 (ii) was also obtained by T. Terasoma ([15]) based on a different definition of the 
nonresonance condition. 

Let / = Y]j—i a jt™ 13 ' ' ' tn™ 3 be a Laurent polynomial such that Uj £ F are all nonzero, and let A 
be the convex hull in R™ of the set {0, Wi, . . . ,wjv}. We say / is nondegenerate with respect to A if 
for any face r of A not containing the origin, the subscheme of Tp defined by 

^L = ...= ^L = 

dx\ dx„ 

is empty, where f T = J2 Wj er ' • • *n" 3 • 

Theorem 0.4. Let A be the convex hull of {0, Wi, . . . , Wat}. Suppose there exists a Zariski dense open 
subset U ofTp such that for any (ai, . . . , a at) £ U (¥), the Laurent polynomial f = Ylj—i a jti l3 ■ ' • tn"' 3 
is nondegenerate with respect to A. Then the dimension of Hyp^,(xi, • ■ ■ , Xn) at a generic point is 
{-l) N n\vo\{/±). 

Note that for a given matrix A = (wi, . . . , wjv), there exists a fixed integer M such that for any 
finite field F g of characteristic p > M, there exists a Zariski dense open subset U of such that 
F-points in U give rise to nondegenerate Laurent polynomials. 

Corresponding to Hotta's result about the regularity of the GKZ system under the nonconfluence 
condition, we have the following. 

Theorem 0.5. Suppose the matrix A satisfies the nonconfluence condition, that is, there exist integers 
Ci, . . . , c„ £ Z such that CiWj + • • ■ + c„w n = 0. Let \' — Xi 1 ' ' ' X«" ■ 

(i) Suppose x' * s nontrivial. Let G(x',ip) is the rank one lisse Qg-sheaf on SpecF 9 so that the 
geometric Frobenius acts by multiplication of the Gauss sum g(x'i' l P) = SteF* x'W'/'W; an d we 
denote the inverse image o/G(x',"0) 071 an V V q -scheme also by G(x',"0)- Then there exists an object 
H in the derived category D^A^ ,gi, Q^) of Q e -sheaves on the affine space A^rj/m over Z[X/£] such 
that Hyp^,(xi, . . . , Xn) is a direct factor of (T-L\ a n)<S>G(x' i^P)- In particular, over the algebraic closure 
F o/F 9 , Hyp^xi, ■ • • ,Xn)| A « «s a direct factor ofU\ A N. 

(ii) If x' is trivial, then there exists an object H in D^A^M/^pQ^) such that Hyp^,(xi, . . . , %„) is 
a direct factor o/ H| a jv . 

In both cases, % is independent of the choice of the additive character tp . 
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The paper is organized as follows. In §1, we prove that Hyp^,(xi, . . . ,Xn) is the Deligne-Fourier 
transform of a perverse sheaf, and this perverse sheaf is pure and irreducible if the non-resonance 
condition holds. This implies Theorem 0.3. In §1, we also prove Theorem 0.4 using the work of 
Denef-Loeser ([4]) on exponential sums. In §2, we prove Theorem 0.5. 

1 Fourier Transformation of the GKZ Hypergeometric Sheaf 

Let A /N be the dual affine space of A N . Denote by 

FT^ : D b c (A' N Mi) -> D b c (A N 

the Deligne-Fourier transformation associated to the character tp. Recall that for any K 6 ob D b c (A' N , Qi), 
we have 

FT^K) = Rp».(jplK®(,)*C^)[N], 

where 

Pi : A /N x A N —> A' N , p 2 : A ,N x A N -> A N 
are the projections, and ( , ) is the morphism 

N 

(, ) :A ,N xA N ^A\ (K ll ... i e w ) 1 (ii 1 ... 1 i J v))H^i i e i . 

i=i 

Confer [T3] for the properties of the Deligne-Fourier transformation. 
Consider the morphism 

l : T" -> A' N 7 (ti, . . . , tn) ^ (t™" ■ • • C" 1 , • • • , ■ ■ ■ t% nN )- 

By abuse of notation, we denote the morphism T" — > T N induced by i also by u. 

Lemma 1.1. The morphism i is quasi-finite and affine, and we have 

FT 4 ,(L,(lC Xl M---®lC Xn )[n]) =Hyp^( Xl ,..., X „). 

Proof. Since T n and A' N are affine schemes, I is an affine morphism. Recall that the matrix A = (wij) 
has rank n. So over Q, the vectors wi, . . . , wjv generate Q™. This implies that there exists an (N x n)- 
matrix B — (vij ) with integer entries such that AB = dl n for some nonzero integer d, where /„ is the 
identity matrix. Consider the morphism 

j : t n -> T n , (a, . . . , i N ) h- • • • G Nl . ■ • • . d ln ■■■e N Nn )- 

One can verify that the composite l'l coincides with the morphism 

So l'l is a finite morphism. This implies that l : T" — > T N is finite, and hence l : T r ' 
quasi-finite. 
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Fix notation by the following commutative diagram, where all squares are Cartesian: 

T n xA N 4 A'^xA" V A A N 

7n 4- pi 4- 4- 

T" -4 A' N -> SpecF g . 

For convenience, denote the sheaf /C Xl M ■ ■ ■ M K. Xn on T" by K x . By the proper base change theorem 
and the projection formula, we have 

FT^Xxin}) = Rp 2 \(p{L\1C x ®(,)*C^)[n + N] 
ss Rp % (tW* l lC x ®{,)*C i> )[n + N} 
Si Rp 2 ^\(-KllC x ®i'*{,YC^)[n + N}. 

Wehavep 2 t' = tt 2 and ( , ) oj = F, where tt 2 :T n xA N ^ A n is the projection and F : T™ x A N -> A 1 
is the morphism defined by 

AT 

F(ti,...,t n ,asi,...,x^) = X)a:jtf J ---C* J - 

i=i 

So we have 

FT^( M X; x [n]) = i?7r 2 ,K/C x ® F*C^)[n + N] = Hy Pv ,( Xl , . . . , X „). 

□ 

Lemma 1.2. Lei 5 fee i/ie closed subset of A /N = SpecF g [£i,. . .,£jv] defined by vanishing of those 
polynomials 

lie ii *r 

aj>0 aj<0 

whenever we have an integral linear relation 

N 

= o (a, g z), 

awe? pui i/ie reduced closed subscheme structure on S . Let E 6e £/ie convex polyhedral cone in M. n 
generated by wi, . . . , wjy, and let ¥ be an algebraic closure of ¥ q . For any ¥-points £ = . . . , £jv) 
in S, there exists a face T of E suc/i i/iaf £j ^ if and only if Wj G T. (7i is possible that T = or 

e;. 

Proof. Let ^ , . . . , f jT , be those nonzero coordinates of £, and let T be the convex polyhedral cone 
generated by , . . . , w Jr . First let's prove T is a face of E. If T is not a face of E, then there exist 
x, y G E with the property i + t/eT but either a; G" T or y G" T. (Confer 6, Exercise on pg. 15]). As 
x, y G E, we can write 

x = /-iiw fel H h |U s Wfc s , y = A*iw fc; H h a4 w fc / ; 

for some . . . , [M s , [i^, . . . , /j/ s , > and ki, . . . ,k s ,k[, . . . ,k' s , G {1, . . . , iV}. Since either x ^ t or 
y ^ t, the set {fei, . . . , fe s , fc^, . . . , fey} is not contained in -jji, . . . , j r }. On the other hand, since 
£ + y G r, we have 

x + y = Xiw jl + • • • + A r w Jr 



7 



for some Aj > 0. We thus have 

X 1 w jl H h X r w jr = mw kl H h A* s w fcs + Aiiw fe; H h AV w fc;, ■ 

Moreover, we may choose x and y so that A's and /z's are all integers. Since £ is an F-point in S, we 
have 

Vn ' ' ' ? > — " ' ' ' ' • 

Since ^ , . . . , £j r ^ 0, and /xi, . . . , /x s , /4, . . . , fj,' s , are all positive, the above equation implies that 
£fci , * ' * , £fc s , j • • • j Cfc', 7^ 0. We thus have fci, . . . , k s , fc^ , . . . , k' s , G {ji, . . . ,j r }. This contradicts to 
the fact that {fci, . . . ,k s ,k[, . . . ,k' s ,} is not contained in {ji, . . . , j r }. So T is a face of E. If 7^ 0, 
then we have G T by the definition of T. Conversely, if Wj G T, then we have 

Wj = aiWjj + • • • + a r Wj r 

for some non- negative rational numbers ai, . . . , a r . Let d be a common denominator of 01, . . . , a r . 
Then we have 

td £da± £da r 

~~ S'l ' ' ' S'r ' 

Since £_j 1 , . . . , £j r 7^ 0, we must have £j ^0. □ 

Lemma 1.3. Let £ 6e £/ie convex polyhedral cone in M. n generated by Wi, . . . , wjy. For any /ace T 0/ 
E 7 consider the morphism 

lt : TP -> T dr , (t! , . . . , i n ) ^ (i™ 1 ' • ' • C" )w, e r, 
where dp = ^{wj lwj G T}. An V -points (^ ) Wi er in T dr lies in the image of Lr if and only if 

w,er 

whenever we have an integral linear relation 

«jWj = { aj £ Z). 

w 3 er 

Proof. For simplicity of notation, we only treat the case where V = S. Let P = (Ay) G GL(n,Z) and 
Q = (nij) G GL(7V, Z) be invertible matrices with integer entries of size n and N, respectively. Make 
the change of variables 

I'l — *i ■ ■ ■ b n 1 ■ • ■ > l n — *1 ■ ■ ■ b n 

for the torus T™, and make the change of variables 

si si '''SAT ! • • • ! SN — ?i '"$N 

for the torus T w . With respect to the coordinate system (si, . . . , s„) on T™ and the coordinate system 
(Ci, ■ • ■ , Cn) on T N , the morphism i : T™ — > T w can be expressed as 

(si , . . . , s n ) 1 ^ ( 5 i 11 ' ' ' s n nl 1 • ■ • 1 S\ 1N ' ' ' s n nN ) i 
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where A' = {w' l3 ) = (w[, . . . ,vr' N ) is the (n x iV)-matrix PAQ. We can find P e GL(n, Z) and 
Q e GL(7V,Z) such that 



A' = PAQ = 



d r 











V o / 

with di|d2| ■ • ■ \d r ^ 0, and r being the rank of A. (We do not use the assumption that the rank of A 
is n for generality). Then the morphism i : T™ — > T N is give by 

(*!,...,«„) I— > (S^,...,S^,1,...,1). 

It is clear that an F-points (£i, . . . , Ov) in T w lies in the image of i if and only if ( r +i = • • • = Ov = L 
corresponding to the relations w£. +1 = 0, . . . , = 0. This proves our assertion. □ 

Lemma 1.4. The closed subscheme S defined in Lemma 1.2 is the scheme theoretic image of the 
morphism i : T™ — > A' N . 

Proof. Let T, be the convex polyhedral cone generated by {wi, . . . , wjv}, and let Dj be the coordinate 
plane in A' N defined by £j =0. For any proper face r of S, let Sr be the reduced subscheme of S 
with underlying topological space 

S r = Sn( f| £>,-)- |J Dj. 

Note that an F-point £ = (£i, . . . , £jv) in S lies in Sr if it has the property that £j ^ if and only if 
Wj e r. By Lemmas 1.2-1.3, we have 



S = im( t )H ]J Sr). 

\rxE, r#s / 

To prove our assertion, it suffices to show that im(i) is dense in S. We have an action of the torus T™ 
on S defined by the morphism 

s : T" x S -> S, ((i l5 . . . , i„), (6, • • • , H- (C 11 • • • C^i, ■ ■ ■ , ' ' ' C""^). 

(S is a toric variety, possibly non-normal.) First note that for any nonempty face T of S (including 
the case where T = E), the F-point £ r 0) = . . . , of A' w defined by 



(0) 



l if Wj e r, 
o if wj g r 



lies in S. Indeed, given any integral linear relation J2f=i a j' w j = 0> ^ wc have aj = for any Wj ^ T, 
then wc have 



II - II e 



1. 



aj>0 



a ; <0 
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We claim that if there exists a Wj ^ T such that a,j > 0, then there must exist a g" T such that 
CV < 0, and vice versa. In this case, we have 



n *r = n es o) ~" 

aj>0 a,<0 



Therefore ^p "* is a point in 5. 



Let's prove the above claim. Suppose for any Wj g" T, we have dj > 0. We have the relation 

(- fl )) w j e r. 




Each term in the above relation lies in E. Since T is a face of £, if a sum of elements in £ lies in 
r, then each summand lies lies in T ([SJ Exercise on pg. 15])). The above relation then implies that 
Wj G T. Contradiction. 

For any nonempty face T of £, the F-points lies 5r- Combined with Lemma 1.3, we see that 
Sp is the orbit containing ^p ' of the action of T" on 5. Note that 5s = im(i). To prove im((.) is dense 
in 5, it suffices to show that £ r lies in the Zariski closure of im(t) for any nonempty proper face T 
of £, and that points (if any) in S0 also lies in the Zariski closure of im(t). 

For any nonempty proper face T of E, there exists c = (ci, . . . , c„) G Z™ such that 

n 

(c,Wj) = CjWjj > 

for any Wj, and we have (c, Wj) = if and only Wj G T. For any t G F*, let £(£) = (C(i)i, ■ • ■ , CWaO 
be the F-points i(t Cl , . . . , t Cn ) in im(t). We have 

i(t c \...,t c ") = (^ c > Wl \...,^ c > Wjv >). 

So we have 



C(*)i = 



1 if Wj G r, 

^ if wj ■ ^ r, 



where dj = (c, Wj) > for any Wj T. It is clear that the F-points (p * 1 lies in the Zariski closure of 
{C(t)\t € F*}. So Cp -* lies in the Zariski closure of im(i). 

Finally we treat the empty face. If S0 = 0, there is nothing to prove. If S0 is not empty, then it 
has only one point, the origin 0. In order for to be a point in 5, there must exist ji,j2 G {1, . . . , N} 
such that aj 1 > and a j2 < whenever we have a nontrivial integral relation Ylj=i a j w j = 0- 
This implies that Wj ^ for any j. Suppose x,y G E and x + y = 0. Write x — Xw=i *\j w j an< ^ 
y = fi'j'Wj, where Aj, > 0. Then we have the relation 5Zj=i(^j + /^i) w i = an( i <\j + — 0- 

By the above condition, this implies that Xj + ji 3 ■ = for all j and hence Xj = jij = for all j, 
that is, x = y = 0. By [6l Exercise on pg. 15], is a face of E, and Wj ^ 0. So we can find 
c = (ci, . . . , c n ) G Z" such that dj — (c, Wj) > for all j. Again let ((t) = i(t Cl , . . . , t Cn ). The same 
argument shows that lies in the Zariski closure of {C(i)|£ £ F*}, and hence in the Zariski closure of 
im(t). □ 
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Proposition 1.5. Suppose Wi, . . . , wjv generate Z n . Then i : T" — > A N is an immersion. Suppose 
furthermore that {xi, ■ ■ ■ , Xn} satisfies the non-resonance condition, then the canonical morphism 

t t (K. xl k • • • m tc Xn ) Rl*(k, x1 b • • • ki tc Xn ) 

is an isomorphism. 

Proof. If Wi, . . . , wjv generate Z", then there exists an (N x n)-matrix B = (vij) with integer entries 
such that AB — I n . Consider the morphism 

l' : t n -> t™, (a, . . . ,&v) h- (er 11 ■ • -or*- ■ • ,£ ib • ■■&"")■ 

One can verify that t't = idx™. This implies that t : T" — > T w is a closed immersion, and hence 
l : T™ — > A /Ar is an immersion. 

Keep the notation in the proof of Lemma 1.4. We have S = im(i) T] (]J 5 r ) • To prove our 

assertion, it suffices to show that (i?(.*/C x )|s r = for any proper face T of S under the non-resonance 
condition, where /C x = JC Xl Kl • • • Kl K. Xn . Let Tr be the kernel of the homomorphism 

T"^T dr , (t 1 ,...,t„)^(C 3 '.--C0w,er, 

where dr — #{j|w.,- 6 T}. Note that Tr acts trivially on the subscheme Sr of S. Fix notation by the 
following Cartesian diagram 

T™ x T™ -4 T™ 

idx l \, \, i 

T™ x S 4 S, 

where the morphism s : T™ x T n — > T™ is the multiplication on the torus T™. Note that s is smooth 
since it is the composite of the isomorphism 

T" x S -> T" x S 1 , (t, i — ^ (t, t£) 

and the projection PxS^ S. By the smooth base change theorem and the Kunneth formula, we 
have 

s*Rl*1C x £S R{id x t)*s*if x 

i?(id x l)*(IC x MK x ) 
K x MRi^K x . 

Let £ be an F-point of Sr ■ Taking the restriction to Tr x £ of the isomorphism s*Rl*1C x = JC X Kl Rl^K x 
and using the fact that Tr acts trivially on £ e >Sr(F), we get an isomorphism 

(i?i*/C x )^ = (/C x |T r ® rq F) ® (Rl*K x )£. 

If the restriction of /C x to the identity component of Tr <8>f<, F is nontrivial, (the identity component is 
a torus), the above isomorphism implies that (i?i*/C x )^ = 0. This is true for any F-point of Sr and any 
proper face T of S under the non-resonance condition. Therefore l\JC x — > Rl*K. x is an isomorphism if 
the non-resonance condition holds. □ 
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We are now ready to prove Theorems 0.3-0.4. 

Proof of Theorem 0.3. Since l is quasi-finite and affine, l\(K Xi M ■ ■ ■ M IC Xn )[n] is perverse by [21 
Corollaire 4.1.3]. By Lemma 1.1 and [TH Theoreme 1.3.2.3], Hyp^,(xi, • ■ • , X«) is perverse. This 
proves Theorem 0.3 (i). 

Under the condition of Theorem 0.3 (ii), Proposition 1.5 implies that 

u(K Xl M ■ ■ ■ M IC Xn )[n] =*.|*(£ X1 JC Xn )[n] 

and hence L\(IC X1 H • • • M tC Xn )[n] is an irreducible perverse sheaf by [2J Theoreme 4.3.1 (ii)]. So by 
Lemma 1.1 and [HI Theoreme 1.3.2.3], Hyp^(xi, • ■ • , Xn) is also an irreducible perverse sheaf. By ^ 
Corollaire 5.4.3], ii*(/C Xl Kl • • • Kl IC Xn )[n] is a pure perverse sheaf of weight n. By Theorem 1.1, p~3l 
Theoreme 2.2.1], Hyp^(/C Xl , . . . 7 IC Xn ) is a pure perverse sheaf of weight n + N. 

Proof of Theorem 0.4- Theorem 0.4 can be deduced from the result in [S]. Let 

N 

f = E ^ ' ' ' e F [*L ■ " • ' *n» *r X » • • • . *»*] 

be a Laurent polynomial nondegenerate with respect to A. Then by [5J Proposition 0.1], we have 
dim^(T"® F<( F,/C Xl H...S/C Xn ®r£ v ,) = | n!vo ° 1(A) 

So we have 

dimi?r c (T" ® ¥q F,IC X1 M ■■■ M K Xn ® f*C^) = (-l)'Vol(A). 

As explained in [5], this result can be deduced from a theorem of Denef-Loeser ([4] Theorem 1.3]). 
Denote the F-point (aj., . . . , on) in A N by a. Then we have 

(Hyp( X i, . . . , Xn))a = i?r c (T" ® ¥q F, K X1 M ■ ■ ■ B JC Xn ® f*C^)[n + N] 

and hence 

dim(Hyp( Xl , . . . , X n))a = (-l) N nWol(A). 

By our assumption that there exists a dense Zariski open subset U of Tjj^ such that F-points in U give 
rise to nondegenerate Laurent polynomial. So the dimension of Hyp^(xi, ■••,%«) at a generic point 
is (-l) N nhol(A). 

2 Proof of Theorem 0.5 

Suppose A satisfies the nonconfluence condition, that is, there exist integers ci, . . . , c„ 6 Z such that 

n 

^CiW rj =1 (J = 1, ...,N). 

i=l 

This implies that the quotient group Z n /{m(ci, . . . ,c„)|m G Z} is free. Indeed, if (ai, . . . ,a„) G Z n 
and fc(ai, . . . , a„) = m(ci, . . . , c„) for some integers k ^ and m, then fc divides toci, . . . , mc n and 
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hence k divides m = Y^i=i m CiWij. It follows that (a\, . . . , a n ) — ^(ci, . . . , c„) lies in the subgroup of 
Z™ generated by (ci, . . . , c„). So Z™/{m(ci, . . . , c„)|m € Z} is torsion free and hence free. Therefore 
{m(ci, . . . , c„)|m G Z} is a direct factor of Z™, and (ci, . . . , c„) can be extended to a basis of Z™. So 
we can find an (n x n)-matrix C — (cij) with integer entries so that its row vectors form a basis of Z™ 
and that its first row is exactly (ci, . . . , c n ). The matrix C is an invertible matrix in GL(n, Z), and 

n 

^ciituij = l (j = l,...,N). 

i=l 

Set 

n 

w fej = X! CfeiWi J (fc = 2, . . . , n, j = 1, . . . , iV). 
We first give an heuristic argument explaining the main idea of the proof. Make the change of variables 

f, — q Cl1 . . . <j C «l f — <j Cl " . . . <j C »™ 

and let 

Xi = xT ■ ■ ■ Xn n (i = l,...,n). 
Then we can evaluate the GKZ hypergeometric sum as follows: 

Hyp^i, • • • ,x N ;xi, ■ ■ -,Xn) 

E xi(ti)"-xn(w(f;^< ii 

ti,...,t„€Fi \j=l 



AT 



si,-,«n6F: \j=l 



AT 



si,-,«n€F: Vj=l 



E X2{S2) ■ ■ ■ x' n {Sn) E Xl{si)lp [siJ2 X i S 2 2J ■■■ S ^" 1 
S2,-,s n eV* siSF* V j=l 



N 



E ^(^■■■xlWx'f 1 E^^ 2J --- S «" J U(xi.V'), 

v S2,...,s„GFJ \J=1 / / 

where g(x'i,V0 = SteF* XiWV'W ^ s the Gauss sum, and the last equality holds if 

This shows that under this condition, the GKZ hypergeometric sum is a product of the Gauss sum 
and a sum involving only multiplicative characters. We now give the proof of Theorem 0.5. 
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Proof of Theorem 0.5. Keep the notation above. The morphism 



H : T" -> T n , 



is an isomorphism. Consider the following diagram 

T n x A N 

Hxid AN 4- 

T n T"xA w 3 A w , 

A 1 

where 7Ti and 7r 2 are projections, and _F is the morphism defined by 

N 

F(t 1 ,...,t n ,X 1 ,...,X N ) = J2 X 3 t T i ■■■tn' K 

We have 7r 2 (i? x id A « ) — n 2 , ni(H x id A « ) = Hm , and 

F(F x id A Jv)(si,...,s n ,a;i,...,arjv) 

N 

= £s j (*r---CT 1 '---(*; i "---C"r 

TV 

• 

| w 2j w nj \ 

= si i y •£j s 2 ' ' ' ^ n I ■ 

v=l " / 

Let A' 1 be the dual affinc line of A 1 , let G : T™ _1 x A N — > A' 1 be the morphism defined by 



AT 

G(S2, . . . , S n , Xl, . . . , Xiv) = ^ ' j ■ ■ ■ S n j , 

3 = 1 

and let 

(,) : A 1 x A' 1 -»• A 1 , (s,£)^s£ 

be the pairing between A 1 and A' 1 . Denote the restriction of ( , ) to T 1 x A' 1 also by ( , ) . Then we 
have 

F(H x id A «) = (, ) o (id T i x G). 

Moreover, we have 

H*{K Xl M---MIC Xn ) s IC X[ H — H/C^. 
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So we have 

Hyp v ,(xi,...,x„) 
= i?7r 2! (ttI (/C Xl H • • • m JC Xn ) ® F*C^j [n + N] 

i?(7r 2 (H x id A «)), ((if x id AJV )*7Ti(/C Xl K • ■ • K/C X J <g> (if x id A iv)*F*£,/,) [n + AT] 

= Rir 2 iU^H*(JC Xl M---®)C Xn )® {F(H x id AN ))*£^)[n + iV] 

S i?7r 2! (ttJ (£ xi H • • • H/C^) ® (( , ) o (id T i x G))*£ ) [n + iV]. 

Fix notation by the following commutative diagram 

7T (0) 

T 1 T 1 x T™- 1 xA" = T™ x A N 

T"- 1 x A w "A A w 

qpn— 1 

where all arrows are projections. By the projection formula, we have 

Hyp^(xi, ■ ■ • ,Xn) 
= Rk 2 \ (ttiC^x; H • • • H /C^J ® (( , > o (id T i x G))*£^ [n + iV] 

= R,n { 2 ] } Rtt ( ° ] (tt* (/C x; El • • • El K^) <8> « , ) o (id T i x G))* C^j [n + N] 

= Rir^Rir^ (tt^M 1 ^^ B •• • H £ X J ® 7rJ 0) */C x; ® ((, ) o (id T i x G))*A/,) [n + N] 

S ifor^ (tt^^/C^ H • ■ ■ HX^/J ® (7rJ 0) */C x; <g> (( , } o (id T i x G))*/^)) [n + iV]- 

By Lemma 2.1 below, we have an isomorphism 

ETr^^Xi ® «, > ( id Ti x G))*^)[l] = G*(FTtp(k,1C x 0), 
where n : T 1 <—} A 1 is the canonical open immersion. So we have 

Hyp^xi, .. . , X n) = R4? (4 lh (^x' 2 ® ■ ■ ■ ® Kx'J ® G*(FT V ,( K! /C xi ))) [n + iV - 1]. 

First consider the case where K. x ' is nontrivial. By Q31 1.4.3], we have 

FT^kiIC^) = KiK^-i ® G(xi,^), 

where G(xi,'0) i s the rank 1 lisse sheaf on SpecF g so that the geometric Frobenius acts by multipli- 
cation by the Gauss sum g(x'ij" l P) = SteF* Xi('t)" l P(t)j an d we denote the inverse image of G(x[ 1 ip) on 
any F 9 -scheme also by G(x' 1 ,V')- So we have 

Hy P ^(xi, ■ • • ,Xn) = (4 lh (^x' 2 M ■■ ■ & KxO ® G*«iKy r i) G W»[« + - 1]. 

Let M be a positive integer so that x'% M — 1 f° r all i = 1, . . . , M. Denote by [M] the endomorphisms 
on T' i_1 and on T 1 dehned by x H ► af™. Then on T' i_1 , the sheaf [Af]*Q £ is a direct sum of sheaves 



15 



K. x ' 2 H • • • H JC x > n , where x'i (i = 2, . . . , n) run over characters of order dividing M, and on T 1 , the sheaf 
[M]»Q £ is a direct sum of sheaves tC x > , where \'i runs over characters of order dividing M. It follows 
that Hyp^(xi,...,x„) is a direct factor of Rn§ ] (tt^* [M}*Q e <g> G*k, [M],Q^ <g> G(xi, ^)[n + -/V - 1]. 
Note that the morphisms 71-^, [M], G and k arc all defined over Z. So ifor^ ^7r^* [M]*Q e (g> 

G*K![M]*Q^ defines an object in £>*(A^ 1/£] , Q^). Take H = Rn^ (n^* [M]*^ <g> G*ki [M]*Q^ [n + 
AT — 1]. It has the required property in Theorem 0.5 (i). 

Next consider the case where \i = 1 is trivial. In this case, by Lemma 2.2 below, there exists an 
object K <= D b c (A^ [1/e] ,Q e ) such that 

F7V( K ,Q,[1]) = K\ A n . 

We have 

Hy Pv ,(xi, • • • ,Xn) = (^(^ B • • ' B ® G *(^U-)) [« + JV - 2]. 

The same argument as above shows that Hyp^(xi, • • • , Xn) is a direct factor of Rir^ (jr^* [M]*Qe ® 
G*(AT| A /i ))[n + AT — 2]. Again the morphisms tt^, 7t^', [M] and G are all defined over Z, and 
i?7r 2! ) ( 7r i 1) *[ M ]*^ ® G*A:) defines an object in D^(A^ 1/£] , Q^). Take H = JJtt^ (tt^* [M]*Q £ ® 
G* K^j [n + N — 2]. It has the required property in Theorem 0.5 (ii). 

Lemma 2.1. Notation as above. We have an isomorphism 

RTt^^K^ ® ((, ) o (id T1 x G))*^)[l] £* G*(FT^( K ,/C xi )), 

Proof. Fix notation by the following commutative diagram of Cartesian squares: 

T 1 x T"- 1 x A w 

id T ixG K ' 
/ \ 

T 1 x A' 1 A 1 x T"- 1 x A N 

qi id A ixG q 2 

s \ »/ \ 

T 1 A 1 x A' 1 T™- 1 x A N . 

K Pi P2 G 

\ s \ / 

A 1 A' 1 

\ S 
SpecF 9 
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By the proper base change theorem and the projection formula, we have 

G*FT^X X[ ) 
= G*R P 2i(p*K\}C x{ ®(,)*£ i ,)[l} 
= i?g 2! (id A i x G)*(p lK! /C x; ® ( , >*A/>)[1] 
- i?g 2! ((pi(id A i x G))*kiJC x>i <g> (id A i x G)*(, >*£,/>) W 
= i? 92 !(^(gi(id T i x G))*/C x; (8) (id A i x G)*(, >*^)[1] 
= ifc&i«f((gi(idp x G))*/C x5 <g> K '*(id A i x G)*( , )*£^) [1] 
<* fl4? } (4 0) */C xi <g> «, } o (id T i x G))*£^)[l]. 

This proves our assertion. □ 

Lemma 2.2. There exists an object K £ O^A^L Q^) st/cft i/iai 

FT^(«l^[l]) = *W , 

cmc? that for any point Speck — > SpecZ[l/£], where k is afield of characteristic distinct from I, K\ A n 
is a perverse sheaf. 

Proof. We have a short exact sequence 

-)• K,^Q e -^Q e ^ OJTi ->• 0, 

where : SpecF g — > A 1 is the origin of A 1 . It gives rise to a distinguished triangle 

(Mk-J-reiQ^l] -+Qt[l] ->• 

in D*(A 1 ,Q^). Taking the Deligne- Fourier transformation, we get a distinguished triangle 

FT^O*^) -> FT^( K! Q,[1]) -> FZ^[1]) -»• 

in D^A' 1 ,^). By [HI Proposition 1.2.3.1], we have 

FIV(O^) = Q t [l], FT^(Q e [l}) = 0*Q*(-1). 

So we have a distinguished triangle 

Qt[l] -> FT^k.Q^I]) -> 0.Q £ (-1) -> . 

All vertices of this distinguished triangle are perverse sheaves. So we have a short exact sequence of 
perverse sheaves 

-> Q,[l] FT^Q^l]) 0*Q^(-1) -> 0. 

This shows that FT^,(k<Q£ [1]) is an extension of 0*<Q^(— 1) by Qt[l] in the category of perverse sheaves. 
This extension is not trivial, that is, FT^(K\Q g [l]) is not isomorphic <Q^[1] 0*Q^(— 1). Otherwise, 
by the Fourier inversion formula ([14j Corollaire 1.2.2.3]), we would have 

«!Q,[1]~O,Q ( 0Q»[1]. 
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But this is not true. Thus -FT^kiQ^I]) is isomorphic to the mapping cylinder of a nonzero morphism 

0„Q £ (-1)[-1]->Q,[1]. 

In D b c (A n ,Q e ), we have 

Hom(0*Q £ (-l)[-l],Q,[l]) = Hom(Q £ (-l)[ 

Hom(Q^(-l)[ 

= Qi- 

It follows that any two nonzero morphisms <fii,(j>2 '■ 0*Q^(— 1)[— 1] — > Qt[i] differ by a nonzero scalar 
A S Q ( . We have a commutative diagram 

0*Q,(-1)[-1] H Q e [l] 

id I Si Si I X 

0.^(-l)[-l] H Q e [i\. 

By the axiom of triangulated categories, this diagram can be extended to an isomorphism from the 
mapping cylinder of ipi to the mapping cylinder of Thus FT^(K\Q e [1]) is isomorphic to the 
mapping cylinder of any nonzero morphism O^Qpi— 1)[— 1] — > Q^[l]- 

Let : SpecZ[l/^] — > A^^ be the zero section. Again in D^A^m Q^j, we have 

Hom(0*Q f (-l)[-l],Q £ [l]) = Q e , 

and the same argument as above shows that any two nonzero morphisms 0*Q^(— 1)[— 1] — > Q^[l] 
have isomorphic mapping cylinders. Let K G DJ^A'^,^, Qf) be the mapping cylinder of any nonzero 
morphism 0*Q £ (-1)[-1] Q £ [l]. Then we have 

FT^(K^ e [l}) = K\ A n . 

Since i^X^KiQJl]) is perverse, this implies that for any point Specfc — » SpecZ[l/£] with charfc = 
p ^ £, the complex K\&n i s a perverse sheaf. Using this fact and [Ml Corollarie 3.2.2], one can verify 
that K\ A n is also perverse if charfc = 0. □ 
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